Abstract. Let α be an algebraic integer of degree d, which is reciprocal. The house of α is the largest modulus of its conjugates. We compute the minimum of the houses of all reciprocal algebraic integers of degree d which are not roots of unity, say mr(d), for d at most 34. We prove several lemmata and use them to avoid unnecessary calculations. The computations suggest several conjectures. The direct consequence of the last one is the conjecture of Schinzel and Zassenhaus. We demonstrate the utility of d-th power of the house of α.
Introduction
Let α be an algebraic integer of degree d, with conjugates α = α 1 , α 2 , . . . , α d and minimal polynomial P . The house of α (and of P ) is defined by:
The Mahler measure of α is M (α) = d i=1 max(1, |α i |). Clearly, α > 1, and a theorem of Kronecker [5] tells us that α = 1 if and only if α is a root of unity. In 1965, Schinzel and Zassenhaus [14] have made the following conjecture: [3] conjectured, using a result of C.J. Smyth [15] , that c should be equal to 3/2 log θ where θ = 1.324717 . . . is the smallest Pisot number, the real root of the polynomial x 3 − x − 1. Intending to verify his conjecture that extremal α are always nonreciprocal, Boyd has computed the smallest houses for reciprocal polynomials of even degrees ≤ 16. We continued his computation with even degrees ≤ 34. So our Table 1 is the extension of Boyd's Table 2 .
Let mr(d) denote the minimum of α over reciprocal α of degree d which are not roots of unity. Let an α attaining mr(d) be called extremal reciprocal. A polynomial P (x) is primitive if it cannot be expressed as a polynomial in x k , for some k ≥ 2. Clearly, any polynomial of degree 2p has to be primitive. It is easy to verify that P (x k ) = k P (x) . Then our computations, as summarized in Table 1 , suggest the following: Moreover, if α is reciprocal and d ≥ 6, then
Let σ = 1.169283 . . . be the house of
It is proved in Table 1 that σ is extremal reciprocal for d = 8. Then we obtain the following consequence of Conjecture 1.2: if d = 2 k and k ≥ 3 then
It is not hard to show that we get from (1.3) a better low bound than from (1.
) which is, however, equivalent with a true inequality 2 k+3 > 15(k − 1). The following lemmata can help us to avoid unnecessary calculations. 
m ∈ {0, 1}, then P (x) has a real root α greater than 3/2 and, consequently, α ≥ 3/2.
Proof. It is obvious that P (2) ≥ 2
> 0 so that the theorem will be proved if we show that P (1.5) < 0.
Lemma 1.5. If d ≥ 6 and P (x) is a reciprocal polynomial with coefficients −2, −1, 0, 1, 2 of degree d such that
then P (x) has a real root α greater than 2 and, consequently, α ≥ 2.
Proof. It is obvious that P (3)
> 0 so that the theorem will be proved if we show that P (2) < 0.
Lemma 1.6. If d ≥ 10 and P (x) is a reciprocal polynomial with coefficients −2, −1, 0, 1, 2 of degree d such that
m ∈ {1, 2}, then P (x) has a real root α greater than 2 and, consequently, α ≥ 2.
Proof. At first we show that P (3) is positive:
The theorem will be proved if we show that P (2) is negative:
The obvious consequence of the lemma 1.4 is: Mahler measure of a polynomial of type (1.4), (1.5), (1.6) is greater than 3/2. So if we have to find polynomials of small Mahler measure we can omit polynomials of these types. 
Polynomials of composite and prime degrees
. Finally we should recall that the house of P d1 (x d2 ) is equal to m 1/d2 (d 1 ) and the house of
) has the house which is less than the house of any other nonprimitive polynomial of degree d.
Proof. The claim follows straightforwardly from Lemma 2.1.
If p is a prime number then it is obvious that the minimal polynomial of the extremal of degree p is primitive or Table 2 of Rhin and Wu suggests that P 4 (x) = x 4 + x 3 + 1 and P 8 (x) = x 8 + x 7 + x 4 − x 2 + 1 are the only primitive minimal polynomials of an extremal of a composite degree. Conjecture 2.3. Let d be a composite natural number and let p 1 , p 2 , . . . , p k be odd prime numbers which are divisors of d or p i = t, i = 1, 2, . . . , k where t is defined on the following manner:
If the previous conjecture is true then we just need to determine m(d) for d is a prime. If d is a composite number we can easily calculate m(d) = m p1/d (p 1 ) where p 1 is determined as in the Conjecture 2.3.
Proof. It can be proved by the mathematical induction that
It is obvious that P d (1) = −1 and
It is proved in [3] that a d is greater than any of its conjugates. Hence Table 2 Our attempt to generalize the minimal polynomial ( 
The claim follows straightforwardly if we raise both sides of the inequality to the power d.
Proof. The claim is direct consequence of lemma 2.6 and the Bolzano-Weierstrass Theorem.
The last few lemmata and corollaries show that α d can play an important role in the research of algebraic integers analogously to the Mahler measure. The obvious benefit is that we can exclude nonprimitive polynomials because 
. It remains to recall that the house of R d1 (x k1 ) is equal to mr 1/k1 (d 1 ) and the house of R d2 (x k2 ) is equal to mr
Corollary 2.9. Let d/2 be a composite natural number. Let mr(b i ) is attained for a reciprocal α bi with minimal polynomial R bi (x) where 1 ≤ b i < d, are natural numbers which are divisors of d such that R bi (x) is a primitive polynomial,
Proof. The claim follows straightforwardly from Lemma 2.8.
If p is a prime number then it is obvious that the minimal polynomial of the extremal reciprocal of degree 2p is primitive or R 2 (x p ) = x 2p + 3x p + 1. 
If the previous conjecture is true then we just need to determine mr( 
Corollary 2.12. In the interval [1, U ] there is an accumulation point of the sequence (mr
Proof. The claim is direct consequence of lemma 2.11 and the Bolzano-Weierstrass Theorem.
Results
In the Table 1 we listed irreducible, reciprocal, integer polynomials with even degree at most 34 having the smallest house. We add the column θ 3/(2d) to the Table 2 so that it suggests the following Conjecture 3.1 (SZB). There is a constant T > 1 such that if α is not a root of unity, then
It is easy to show that the conjecture of Schinzel and Zassenhaus is a direct consequence of the previous conjecture. In order to expand T 1/d as a Taylor series in 1/d, we use the known Taylor series of function T x . Thus
3/2 and if we take only two terms of the series we get the conjecture of Schinzel and Zassenhaus with Boyd's [3] suggestion for c.
In the following tables we listed irreducible, reciprocal, integer polynomials with even degree at most 34 having small house. If d = 2p where p is a prime number then all found polynomials are primitive, otherwise we marked a primitive polynomial with the symbol P . A polynomial which has small Mahler measure, less than 1.3, we marked with the symbol M . This list is only known to be complete through degree 20. If d > 22 only polynomials of height one are completely investigated. 1 0 1 1 1 2 1 2 2 1 20 4 [12] , are greater than or equal to θ 3/(2d) . Table 4 . Irreducible, reciprocal, integer polynomials with even degree at most 34 having small house.
d Table 5 . Irreducible, reciprocal, integer polynomials with even degree at most 34 having small house.
d House Out Coefficients Table 6 . Irreducible, reciprocal, integer polynomials with even degree at most 34 having small house. Table 7 . Irreducible, reciprocal, integer polynomials with even degree at most 34 having small house. 
